Abstract-The statistics of spontaneous photons emission times in single atom resonance fluorescence are investigated through the radiative cascade of the dressed atom. We calculate the delay function which gives the distribution of the delays between two successive emissions for a coherent as well as an incoherent laser excitation. For a two-level atom, we review in this way various signals concerning the fluorescence intensity (average value, photon counting, fluctuations spectrum, etc.). For a three-level atom, this approach is applied to the analysis of the recently observed phenomenon of intermittent fluorescence and quantum jumps.
I. INTRODUCTION ESONANCE fluorescence, i.e., resonant absorption R and emission of photons by an atom, has been studied for a long time [ 11- [3] . Novel phenomena occur when the atomic transition is saturated with an intense, quasi-resonant laser beam: triplet structure of the fluorescence spectrum [4] [5] [6] , temporal antibunching of the fluorescence photons [6] - [7] , sub-Poissonian statistics [8] , etc. The possibility of trapping a single ion has recently opened the way to new developments. For example, the effect of "intermittent fluorescence" has been observed [9]- [ 111, giving for the first time a direct evidence at the macroscopic level for the "quantum jumps" of an atom reaching or leaving one of its eigenstates.
The statistical properties of the fluorescence light have been the subject of several theoretical works. In most of these works, the atomic dynamics are described by "optical Bloch equations" [ 121-[ 131. In spite of its remarkable efficiency for the computation of most signals, this method does not always provide a simple understanding of the statistical properties of the fluorescence light. Since the laser field is treated as a classical field, absorption and emission do not appear explicitly as elementary processes in the equations. A solution to this problem is to treat the laser field as a quantum field. The dynamical equation of the compound system-atom "dressed" by the laser photons-thus directly describes the elementary absorption and emission processes. Statistical properties of the fluorescence light are thus simply understood by considering the "dressed atom radiative cascade," i.e., the dressed atom cascading downwards its energy diagram while emitting fluorescence photons [ 141-[ 161. Manuscript received October 5, 1987; revised December 5, 1987 The purpose of this paper is to analyze in detail such a picture, and to show that it can provide a quantitative understanding of the statistical properties of the spontaneous emission times of a single atom interacting with a resonant laser beam. Starting from the master equation describing the evolution of the dressed atom density matrix, we will show that several photon statistics signals can be calculated in terms of a single function, the "delay function,'' which is the probability distribution of the delay between two successive spontaneous emission times. Such a function already has been used for analyzing various effects such as resonance fluorescence [16] or quantum jumps [17]- [19] . It has close connections with the socalled "exclusive" two-time probability density of the general photodetection theory [39] , [40] . In this paper, we review various types of signals which can be expressed in terms of this function and we extend previous calculations in order to include the case of an incoherent excitation.
We consider first the simplest case of a two-level atom and we calculate the delay function for a coherent (Section 11) and an incoherent excitation (Section 111). We then show (Section IV) how various photon statistics signals are related to this function. Finally, we extend the previous analysis to three-level atoms (Section V) and discuss intermittent fluorescence and quantum jumps.
COHERENT EXCITATION OF A TWO-LEVEL ATOM
The states of the compound system-atom + laser photons (the "dressed" atom)-are labeled by two quantum numbers: an atomic one ( g for the ground state and e for the excited state) and the number n of laser photons. For a quasi-resonant excitation, the two states I g , n ) and I e , n -1 ) form a nearly degenerate manifold (that we denote E , ) since their splitting is just the detuning 6 = wL -wA between the laser frequency wL and the atomic one w A . These two levels are coupled by absorption and stimulated emission processes: the atom can go from g to e (respectively, from e to g ) while absorbing (respectively, emitting) a laser photon. On the other hand, spontaneous emission is associated with the coupling of the atom with the vacuum field reservoir and corresponds to transitions between two adjacent manifolds: the atom goes from e to g while emitting a fluorescence photon and the number n of laser photons is conserved.
Fluorescence thus appears as a succession of elemen- tary processes (see Fig. 1 
where S2 is the so-called Rabi nutation frequency. The first term of (2.2) describes the atom-laser coupling and includes absorption and stimulated emission ( terms proportional to in H,). The second term describes the damping of U, due to spontaneous emission. The evolution associated with these two terms is restricted inside the manifold I , , while the third term describes the transfer to Cr1 due to the damping of This transfer term can be written as rs-u,+ls+ = W e , n ) 1 g , n ) ( g , n I (2.4) where a( e , n ) is the population of the state 1 e , n ) belonging to the manifold €, + l .
The solution U, of (2.2) obeys the integral equation 
(evolution inside the manifold €,,-without transfer termstarting from the initial state I g , n )). It appears in (2.5) that the knowledge of the populations T ( e , n ) is sufficient for the determination of the matrices a , ( t ) . Now, the populations of these states I e , n ), I e , n -1 ) . . . are
given by integral equations derived by taking the average value of (2.5) in the state I e , n -1 ) :
r ( e , n -1, t ) =
~T W , ( T )
x ( e , n, t -r ) (2.8) s om with ~~ ( 7 ) = r ( e , n -1 [ p , ( T ) l e , n -1 ) .
(2.9) Finally, it appears that the problem of the evolution of a( e , n ) and therefore of u,~, reduces to the evaluation from (2.6) and (2.7) of the function W, (7) .
The previous equations are the formal expression of the qualitative picture of the radiative cascade: for the set of experiments analyzed in this paper (intensity measurements with broad-band photodetectors), absorption and stimulated emission processes correspond to reversible evolutions inside the various manifolds, while spontaneous processes can be considered as irreversible "quantum jumps" from one manifold to another one. The reversible evolution, for example, inside €,, can be switched off by an irreversible process which "projects" the system into the state 1 g , n -1 ) : after such a "jump," a new reversible evolution begins inside the manifold and so on. It follows that time intervals betueen successive fluorescence photon emissions are statistically independent random variables. Any photon statistics signal can therefore be deduced from the knowledge of the delay functions W,, ( 7 ) which are just the probability distributions of these time intervals. Strictly speaking, the function W,, ( 7 ) depends on n since the Rabi nutation frequency !J varies as &. But this dependence can be ignored when the distribution of the values of n is a quasiclassical distribution (i.e., when 1 << A n << E where n and A n are the mean value and width of the distribution), which is the case for a laser excitation. Therefore, all the delays have the same probability distribution W ( 7).
We now switch to the explicit calculation of W ( 7 ) from (2.6), (2.7), and (2.9). We first note that the structure of (2.6), involving only a commutator and an anticommutator with the operator p n , allows an important simplification: one can reduce (2.6)-(2.7) to equations bearing only on probability amplitudes, instead of working with density matrix equations as usual in relaxation theory. More precisely, we can rewrite (2.9) as -( 2.11) i t thus appears from (2.10) that W,, ( 7 ) is equal to the decay rate from the level l e , n -l ) at time 7, knowing that the dressed atom is in level I g , n ) at time 0. Now, we note that I $,, ( 7 ) ) evolves only in the manifold En , so that it can be written l $ n ( 7 ) ) = aO (7) ( g , n ) + a i ( 7 ) ( e , n -1 ) (2.12) where the evolution of a. and ai is obtained from (2.11):
Solving these equations, one finds in the simple case of an exactly resonant excitation ( 6 = .14) with (2.15) (these expressions correspond to the case h2 > 0; otherwise, one has to change X2 into -h2 and the sine function into the hyperbolic sine). It is worth giving also the La-
Before discussing how the photon statistics signals can be deduced from these expressions, we now turn to the case of an incoherent excitation.
INCOHERENT EXCITATION OF A TWO-LEVEL ATOM
In this section, we suppose that the atom is irradiated by a resonant broad-band laser. If the spectral distribution of the laser light is large enough, relaxation theory can be used to describe not only the atom-vacuum field interaction, but also the atom-laser interaction. We obtain in this manner the following rate equations for the populations of the "dressed" states 1 g, n ) and 1 e , n -1 ) where n is the total number of laser photons (summed over all frequencies) :
Absorption and stimulated emission processes are described by transitions inside a given manifold €, , (term proportional to r '), while spontaneous emission processes are described by transitions between adjacent manifolds (terms proportional to r). The absorption and stimulated emission rate r' is the product of the Einstein B coefficient by the power spectrum of the laser at the atomic frequency, while the spontaneous emission rate r is the Einstein A coefficient. As we study the case of a broadband laser, we will consider that the distribution of n is a quasi-classical distribution ( 1 << A n << a) and we will therefore ignore the variation of I" with n.
Equations (3.1) describe the radiative cascade in the case of an incoherent excitation. Since the spontaneous emission terms have the same formal structure as for coherent excitation, one can solve this equations in the same manner. In particular, their solutions obey the integral equation a(g, n, t ) = So m w g , n, 7 ) w e , n, t -7 ) (3.2a) d.rp(e, n -1, 7 ) h ( e , n, t -7 ) (3.2b) a ( e , n -1, t ) = lorn where the populations p are defined by (3.3a) p ( g , n, 0 ) = 1; p ( e , n -1, 0) = 0. (3.4) This equation describes the evolution inside the manifold G , , without a transfer term from the upper one, starting from the initial state 1 g , n ) [compare to eqs. (2.6), (2.7)]. Finally, the populations of the states I e , n ) , I e , n -1 ) , obey the integral equations deduced from (3.2b): n ( e , n -1, t ) = d~W ( 7 ) n ( e , n, t -7 ) (3.5) Sor n with "
= r p ( e , n -1, 7).
(3.6) An important difference with the case of a coherent excitation is that these equations can no longer be reduced to amplitude equations. This is associated with the fact that absorption and stimulated emission are now irreversible processes. Solving these equations, one finds the following expressions for the delay function W ( 7 ) and its
and mm I
IV. PHOTON STATISTICS SIGNALS
We have shown in the previous sections that the succession of spontaneous emission times is a stochastic point process characterized by the delays between successive emissions. These delays are statistically independent random variables and all have the same probability distribution " ( 7 ) . It follows that any photon statistics signal, i.e., a signal in which only the intensity of the fluorescence field is measured, can be calculated from this "delay function" W ( 7 ) .
As a first example, we want to deduce the mean value and the fluctuations of the number m of photons emitted during a given time t . We first study a slightly different problem: what is the distribution for the variable c which is the sum of m successive delays (time between the emission of some photon mo and the emission of the photon mo + m)? As successive delays are independent variables, one obtains i = m?; A t 2 = mA7 where 7 and AT are the mean value and dispersion of one delay 7 [which can be calculated from the distribution W ( T)]. When m is a large number, one also knows that the distribution pm ( t ) of t is a Gaussian distribution (central limit theorem):
Coming back to the original problem, one can obtain the distribution q , ( m ) of the number m of photons emitted during a fixed time t by inferring that it is also a Gaussian distribution at the limit t >> 7 and by identifying the arguments of the exponential functions. From One can calculate 7 from the expression of W ( 7 ) or, in a simpler manner, from the expression of E( p ) which can be considered as the characteristic function of the distribution W ( 7 ) :
One thus recovers the usual result in the coherent case:
and in the incoherent case: The Q factors associated with the statistics of photon detections are often much smaller since they have to be multiplied by the probability for an emitted photon to be effectively detected.
There exist other signals characterizing the fluctuations of the fluorescence intensity. The photon correlation signal has been studied in great detail, experimentally [6] , [7] as well as theoretically [ 121, [22] , [23] since it reveals the effect of photon antibunching. It is interesting to see how this signal is related to the picture of the dressed atom radiative cascade.
The correlation signal C ( t , t + 7 ) is associated with the detection of a first photon at time t and of a second one at time t -t 7. As discussed previously, the emission of the first fluorescence photon "projects" the atom-laser photons system into some state I g , n -1 ) . One thus expects that the correlation signal is given by C ( t , t + 7 ) = IJ (7) ( 4.12) where Z is the mean intensity (associated with the first emission) and J ( 7 ) is the transient intensity emitted by the system starting at 7 = 0 from this state I g, n -1 ) .
The function J ( 7 ) is thus different from W ( 7 ) : W ( 7 ) corresponds to the emission of the next photon at time 7 , while J ( 7 ) corresponds to the emission of any photon (not necessarily the next one) at time 7. So, W ( 7 ) is proportional to the population of the state I e , n ) at time 7 , knowing that the system is projected into I g , n + 1 ) at time 0 [see (2.9)], while J ( 7 ) is proportional to the sum of all the populations of the states I e, n' ) (with n' I n ) with the same conditions. One can therefore deduce from (2.8) One can check that these results are identical to those already known for the correlation signal.
We will conclude this section by studying the noise spectrum of the fluorescence intensity S I ( U ) which could, in principle, be measured by entering into a spectrum analyzer the fluctuations of the fluorescence intensity.
One can show that this signal is directly related to the Fourier transform of J ( 7): (4.15) S / ( w ) = So( 1 + Q ( w ) ) with Q ( u ) = J(iw) + J ( -iw) (4.16) where So is the standard photon noise and is proportional to the mean intensity 7. The limit w --t 0 gives the results already discussed for the usual Q factor since counting photons during a long time is equivalent to analyzing at zero frequency the fluorescence intensity. But it is also possible to reduce photon noise at frequencies different from zero. A particularly interesting case corresponds to a coherent excitation at the high-intensity limit: (see (2.13) and (2.14) with 52 >> r). The delay function W ( T ) exhibits a damped oscillation at frequency Cl, the so-called "optical Rabi nutation. " As a consequence, the factor Q ( w ) presents a peak structure around 52. From (4.14)-(4.17), one finds that this peak corresponds to a photon noise reduction which can reach the value 1 + Q ( w ) = 1/3 (for w = 52; ! J >> r). Note that, as for zero frequency, Q has to be multiplied by the photon detection efficiency in order to get the factor corresponding to the experimental effect.
V. INTERMITTENT FLUORESCENCE OF A THREE-LEVEL ATOM: THE QUANTUM JUMPS
The picture of the radiative cascade of the dressed atom is, of course, not limited to two-level systems. For example, this picture is very convenient for studying the phenomenon of intermittent fluorescence recently observed on a three-level system. Such an effect occurs when a system with three levels g , e B , e R in a V configuration [see Fig. 2(a) ] is simultaneously excited by two laser waves respectively resonant with the "blue" transition g -eB and the "red" transition g -e R , the red transition being much weaker than the blue one. The fluorescence signal, represented in Fig. 2(b) , then exhibits bright periods, with many fluorescence photons, alternating with long dark periods during which no photon is emitted.
The existence of this effect has been initially suggested by Dehmelt [24] who used the following picture: the atom excited by the "blue" laser emits many fluorescence photons on the g -eB transition, with a rate = r B / 2 if the transition is saturated ( P i ' is the radiative lifetime of c B ) .
However, when the "red" laser is resonant with the geR transition, the atom can also absorb a red photon and jump into level e R . This "shelving" interrupts the blue fluorescence (dark period) until the atom jumps back from eR to g either by spontaneous emission (time constant r i ' ) or by stimulated emission. Consequently, the resonance of the red laser and the absorption of a single red photon results in the absence of a very large number of blue photons. This scheme therefore allows a very sensitive detection of the weak resonance, with an amplification factor r B / r R which reaches lo8 in the recent experimental results.
This scheme also leads to a unique feature as pointed out by Cook and Kimble [25] : one can observe "by eye" the quantum jumps of a microscopic device. In absence of the red laser, it is indeed possible to observe by eye the blue fluorescence of a single trapped ion [9]- [I I] . When the red laser is applied, one can then look "in real time" at the atom jumping from g to eR (beginning of a dark period) or from eR to g (beginning of a bright period).
After the proposal of Cook and Kimble, several theoretical treatments have been proposed for this effect [17] - [ 181, [26] -[3 1). Among them, the dressed atom approach appears as a simple and efficient way to predict the various characteristics of the signal [17] , [18] . In this approach, fluorescence is interpreted as a radiative cascade of the dressed atom, and dark periods are due to random interruptions of this cascade. All the information concerning these dark periods can therefore be deduced from the delay function W ( 7 ) characterizing the probability distribution of the time interval between two successive fluorescence photons [17]-[ 181. In the two next subsections, we will outline the calculation of W ( 7 ) for both coherent and incoherent laser excitation, and we will discuss the main physical results.
Coherent Laser Excitation
For a coherent excitation, the calculation of the delay function is done in a way very similar to the procedure presented in Section 11. Here, the states of the dressed atom are bunched in three-dimensional manifolds E ( nB, nR) and can be written in the absence of atom-laser fields coupling 1%) = I g , ns, nR>
= leRI n B , nR -1 ) where nB and nR are the numbers of blue and red laser photons. The delay function W ( 7 ) is then given [cf. = rBl<eBT 128 -1, 12Rl $ ( 7 ) ) 1 2 2 + r R 1 ( eR9 nB, nR -1 I 1~. (7) ) I (5.2) where I $ ( 7 ) ) is the ket solution of -2 s i s i ) (5.3) The Hamiltonian HnBnR is the restriction, inside the manifold E ( n B , nR) of the atom-laser fields Hamiltonian, generalizing (2.3), and Si((, ) and Si,,, are the raising and lowering operators: (5.4) the equations of motion for the a; coefficients read
where QB and QR represent the blue and red Rabi frequencies. Both blue and red lasers are here supposed to be resonant. A straightforward calculation then leads to the delay function
= rBla1(7)I2 + r,la2 (7) On the other hand, the long time constant terizing the length of dark periods, is given by charac-
As expected, 7& represents the departure rate from eR to g induced by spontaneous emission [first term of (5.9)] and by stimulated emission [second term of (5.9)]. These results are then in perfect agreement with the picture given by Dehmelt: the atom cycles on the g -eB transition during bright periods, and randomly jumps on the shelf eR (dark period) before falling back on g either by spontaneous emission or by stimulated emission.
Incoherent Laser Excitation
For an incoherent excitation, the procedure of Section I11 can be duplicated in a straightforward way. The delay (5.14)
Here, again, Dehmelt's picture for quantum jumps is fully confirmed by these analytical results.
VI. CONCLUSION
We have shown in this paper how a single function, the delay function W ( T ) , can provide a quantitative understanding of various photon statistics signals. It must be noted, however, that such a simplification does not necessarily apply to all situations. All the experiments analyzed in this paper are characterized by the fact that the emission of a photon "projects" the atom in a well-defined state, the ground state g . Therefore, after each emission, the dressed atom starts from a well-defined state of a given manifold G,, and the study of its subsequent evolution in E, gives unambiguously the distribution of the delay between this first emission and the next one. One could, however, consider situations where the emission of a photon does not necessarily project the atom in a welldefined state. This occurs, for example, when the atom can decay to several lower states. It is then clear that the statistics of emission times cannot be analyzed with a single delay function. Another example is the study of temporal correlations between the photons emitted in the various components of the fluorescence triplet of a two-level atom. The dressed state in which the system is projected depends on the line in which the photon is emitted.
For all these more complex situations, the picture of the radiative cascade of the dressed atom appears to still be quite useful. For example, the study of the radiative cascade on the basis of dressed states allows a quantitative understanding of the temporal correlations between the photons emitted in the two sidebands of the fluorescence triplet 
